Most of the convergence results appearing so far for delayed Lotka-Volterra-type systems require that undelayed negative feedback dominate both delayed feedback and interspecific interactions. Such a requirement is rarely met in real systems. In this paper we present convergence criteria for systems without instantaneous feedback. Roughly, our results suggest that in a Lotka-Volterra-type system if some of the delays are small, and initial functions are small and smooth, then the convergence of its positive steady state follows that of the undelayed system or the corresponding system whose instantaneous negative feedback dominates. In particular, we establish explicit expressions for allowable delay lengths for such convergence to sustain.
Introduction
For many-species Lotka-Volterra systems without delays, it is well known that global stability of a positive equilibrium holds when the intraspecies competition term dominates the interspecies interactions (i.e. the community matrix is diagonally dominant). A result of Goh [7] extends this result to allow a weaker hypothesis on the community matrix and for the equilibrium to not necessarily be positive. See Hofbauer and Sigmund [17] for a nice discussion of such results for Lotka-Volterra ordinary differential equations. The result of Goh continues to hold when continuous diffusion (Neumann boundary conditions) or diffusion among discrete identical habitats is introduced and also when discrete time delays as well as continuous diffusion or diffusion among discrete habitats is allowed (see [ 
22]).
It is also well known that the asymptotic behaviour of solutions of a single species logistic equation, for which the dependence of the per capita growth rate on species density contains both an undelayed contribution as well as a delayed contribution, is particularly sensitive to the relative weight of the delayed versus the nondelayed term (e.g. see [8, 15, 18, 19] and the references cited therein). On the other hand, when the delayed contribution dominates, in order to ensure the global stability of the positive steady state, it is generally required that the length of the delay is short enough (see [19, 29] and the references cited therein). Otherwise, Hopf bifurcation may occur and periodic solutions may appear and persist. This has been shown by Jones [18] for a discrete delay with no undelayed term and by Dunkel [6] and Walther [27] for distributed delays. More elaborate results along this line can be found in Nussbaum's work (e.g. [25] ). For delay Lotka-Volterra systems, the interested reader is referred to Cushing [5] for some detailed Hopf bifurcation and local stability analysis.
In [23] , by employing a proper Liapunov-Razumikhin function and choosing a friendly initial function space [1,13,14,16], we (along with R. H. Martin) were able to show that: a Lotka-Volterra-like model of m interacting species which can disperse among n discrete habitats and where interaction terms involve general unbounded delays possess a globally stable steady state if the undelayed intraspecific competition term dominates interspecific interactions as well as the delayed intraspecific competition effect and when the n habitats are nearly identical. In a subsequent paper [21] this result was extended to allow the system to be nonautonomous and that the undelayed intraspecific competition to dominate only the interspecific interactions. In both cases, the existence of strong undelayed intraspecific competitions (the so-called negative feedback) is crucial.
In view of the fact that in real-life interactions, instantaneous responses are rare or weak relative to delayed responses, realistic models should consist of delay differential equations without instantaneous (negative) feedbacks. However, most of the known convergence results for delayed systems require strong instantaneous negative feedbacks.
In this paper we establish some useful convergence criteria for the abovementioned delay systems. We consider first a class of Lotka-Volterra-type infinite delay systems, where delays for the negative feedback are expected to be small. If the system is diagonally dominant (to be defined later), and initial functions are relatively small, and smooth in the short past, then we can show that the unique saturated steady state [17] attracts such kind of neighbouring solutions. Similar results are found to be true for delayed Volterra-Liapunov stable LotkaVolterra-type systems. Our approach involves constructing suitable LiapunovRazumikhin functions, carefully selecting initial function sets, and estimating the length of relevant delays.
Preliminaries
In this paper we consider the following general autonomous Lotka-Volterra-type infinite delay system
w h e r e -r, -a, \ Ul {t + 6) dfitf) + £ f u, , (t + 6) It is natural from a biological point of view to seek a solution of (2.1) corresponding to nonnegative initial data belonging to the Banach space BC of bounded and continuous functions that map (-°°, 0] into R", with the uniform norm ||</)|| o0 = sup |0(s)|, where (j) e BC and |-| is a chosen norm in R". Observe that G,(w,(")) can be rewritten as
where r is any positive constant, and where r,(0 ' s defined by (2.4). Therefore, existence (local) and uniqueness of u{t) for (2.1) follows from those for system (2.5) (cf. [15] ). However, it is easy to see that bounded solutions of (2.1) may not be precompact in the space BC. To overcome this difficulty, we choose the more friendly space [1, 13, 14, 16 ]
is uniformly continuous on (-°° Moreover, UCg is a strong fading memory space (in the sense of [13,16]) which implies that bounded solutions of an autonomous system corresponding to initial data <p e BC have precompact orbits in UCg. Thus, positive limit sets are nonempty and have their usual properties (connectedness, compactness and invariance).
A further reason for choosing UCg is that BC <-» UCg with continuous inclusion for g satisfying (gl)-(g3).
In the rest of this paper, we always assume our initial conditions satisfy
Here 0(0) > 0 means $,(0) > 0 for i = 1, . . . n. We call such a <j)(s) an admissible initial function. It is easy to see that if 0,(0) = 0, then u t {t) = 0 for t ^ 0.
The following fundamental lemma is a simple combination of some well-known results. 
) has a unique solution u(t), such that u(t) > 0 for I^O i n its maximal interval of existence. If u{t) is a noncontinuable solution, then for any M>0, there is a t*>0 such that

Convergence in infinite delay systems
We say system (2.1) is diagonally dominant if It is well known that (see [4, 21, 23 (6) 
We claim that there is a T x > r such that for t is T lt \\u t ((j))(-) -p\\ g Si aK.
There are two possibilities: (i) for any large T, there is a i> T, i e {1, . . . , n} such that
However, a similar argument as the proof of Lemma 3.1 yields .1), then the assumption of diagonal dominance implies that all solutions of (2.1) tend to the unique saturated equilibrium p [23] . Equivalently, this means that p is globally asymptotically stable with respect to admissible initial functions. Our results indicate that this global asymptotical stability of p is maintained provided that (i) initial functions are bounded (in BC norm) and the derivatives of their zth-component are also bounded properly in the interval [-r h 0], (ii) T, are small enough. In view of the fact that many real systems are studied with bounded initial functions with bounded initial derivatives, and the time delays T, are usually regarded as small, our results suggest that when the system is diagonally dominant, instantaneous negative feedbacks (a,w, (0) a r e suitable approximations of delayed negative feedbacks (a, J ( A T . u t (t + 6) djx^d)). It should be pointed out that the infinite delays appearing in (2.2) do not create any real difficulties in our analysis; therefore restricting them to a finite delay case will not provide any new results from our method.
a,(a -dticcK)^) > a t (a -d t {K)x,) > £ IM^I-
If a uniform bound can be found for solutions of (2.1), then Corollary 3.4 asserts that p is globally asymptotically stable as long as the T,S are small enough. It the initial functions are not differentiable, then one can replace <f) by u T (<p) for some r > m a x {T,, i = 1, . . . , n}. This way the initial function becomes differentiable for s i? -T,-. The resulting estimate may change, though. Also, our estimate of the size of delay is not optimum even in scalar cases.
Convergence in finite delay systems
We consider now a finite delay version of system (2.1). We call system (4.1) VL-stable (Volterra-Liapunov stable [17] ), if there is a positive diagonal matrix
Finally, we define for any positive numbers M, N,
where ||-|| is the uniform norm (with respect to |-| in R n ) in C([-r, 0], R"+). We are now ready to state and prove our main result of this section. + 6) ).
8<B[-T,0]
The derivative of V(u)(t) along a solution u(t) of (4.1) takes the form
where
Note that 
i.e. W(u(t*)) < 0 , a desired contradiction. This proves the claim. Denote 
V(u(<t>)(t 2 ))<0,
which contradicts (4.16). This indicates that u must be zero, proving the theorem.
• Similar comments to those included in Remark 3.6 can be made for the above theorem. It is well known that [17] if a nondelayed Lotka-Volterra-type system is VL-stable, then its unique positive steady state (if any) is globally asymptotically stable with respect to positive initial data. Roughly, Theorem 4.1 asserts that if (i) all involved delays are small, and (ii) the initial (positive) functions are small and smooth, then this positive steady state continues to attract neighbouring solutions. This partially justifies thatjn some real-life systems if delays are expected to be small, one can approximate these systems by models consisting of only ordinary differential equations.
In theory, one may also make use of the friendly space UCg to allow infinite delays in the analysis of this section. The resulting findings may generalise and improve Theorem 4.1. However, the details may become tedious. Relevant arguments can be found in [21] .
